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Hunt for the solutions of Pell’s equation

Dr. Devbhadra V. Shah
Department of Mathematics, VNSGU, Surat. (M): 9898057891
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Introduction:

In number theory, Pell’s equation falls in the category of Diophantine equations named after the
Greek mathematician Diophantus. Diophantine equations are equations for which integer solutions
are desired. Such an equation may have no solution, a finite number of solutions or an infinite
number of solutions. The famous Pythagorean equation x2 + y? = z? is also a Diophantine
equation.

In 1909, mathematician Thue proved the following important theorem:

Theorem: Let F(x,y) = apx™ + ap_1x™ ty + -+ a;xy™ 1+ apy™;n = 3. Then for an
integer m # 0, the equation F(x,y) = m has either no solution or only a finite number of solutions
in integers.

This result is in contrast to the situation in which n = 2. In this case, if we consider F(x,y) =
x%2 — Dy?, then for N # 0, the equation x2 — Dy? = N may have infinitely many integral solutions!
Specifically, the misnamed Pell’s equation is used to refer any Diophantine equation of the form
x?—Dy? =N ; where D and N are fixed integers and we are looking for integers x and y that
satisfy the equation.

If D is a perfect square, say D = g2, then equation x2 — Dy? = N becomes x? — (qy)? = N.
This factors as (x — qy)(x + qy) = N. Since x, ¥ and q are all integers, the left-hand side of this
equation must be product of two factors of N. Thus x> — Dy? = N has only finite number of
solutions. It could also happen that the equation has no solution.

In the equation x> —Dy?=N, if D<O0, say D= —d, then the equation becomes

2 2
x% + dy? = N. This can be written in the form 2 o+ X

RIE)

(a closed curve). But any ellipse can have only finite number of integer points (x,y) on the

= 1, which has the form of an ellipse

circumference. Thus, x2 — Dy? = N (where D < 0) has only finite number of integer solutions. We
thus assume that D > 0.
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2 2
Again, it can be easily observed that x2 — Dy? = N can be written as — — —— = 1, which

G
D
is a Hyperbola. Thus, the integer solutions occur whenever the curve passes through a point whose
x and y coordinates are both integers.

Thus, we consider N to be any nonzero integer and the integer D to be positive and non-square
only. This condition is helpful because it leaves open the possibility of infinitely many solutions in
positive integers x and y.

We now give formal definition of Pell’s equation.

Definition: A Pell’s equation is an equation of the form x? — Dy? = N, where D is a positive
non-square integer and N is a nonzero integer, for which we attempt to find integer solutions
x and y.

Some natural questions which arise at this stage are...

(a) Is there any algorithm or fixed procedure which can decide whether a given Pell’s equation has a
solution?
(b) Is there any algorithm for solving explicitly any given Pell’s equation?

Our goal here in this article is not to describe the present status regarding these questions. It
suffices to say that a complete answer to question (a) is not yet available. There is no complete
procedure to decide whether any Pell’s equation has a solution or not. Also, question (b) is
unanswered.

Historical encounters:

Pell’s equations have been of interest to mathematicians for centuries. There is perhaps no other
equation that has influenced the development of number theory as much as Pell’s equation. Pell’s
equation has a long and interesting history.

This very simple Diophantine equation has attracted mathematicians throughout the ages. There
is historical evidence that methods for solving the equation were known to the Greeks some 400
years before the beginning of the Christian era. We find the reference of Pell’s equation in a problem
given by Archimedes in 200 BC. Indeed, there is very strong evidence that it was known to
Archimedes, as the Cattle Problem. In Arithmetica, Diophantus asked for rational solutions to
equations of the type x? — Dy? = 1. For the case D = m? + 1, he gave the integral solutions
x=2m?+1,y=2m.

The equations x2 — Dy? = +1 have been studied by several Indian mathematicians also. In 8"

century BC. Baudhayana noted that x = 577, y = 408 is a solution of x? — 2y? = 1 and he used

. 577 .
the fraction % = o5 [0 approximate the value of V2.

The equation x? — Dy? = 1 attracted attention of early mathematicians. Such equations and
assertive rules, without any proof for calculating their solutions, spread to India more than a
thousand years before they appeared in Europe, starting with Brahmagupta (598 — 668). He
developed the chakravala methodin 628 AD to solve Pell’s equation in his Brahma Sphuta
Siddhanta in 628, about a thousand years before Pell’s time. This method could generate infinitely

many solutions from an initial solution. Brahmagupta also solved quadratic indeterminate equations
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of the form ax’ + ¢ = y* and ax’ — ¢ = y*. For example, he solved 8x? + 1 = y? and obtained the
solutions
(x,y) = (1,3), (6,17), (35,99), (204,577), (1189,3363), ... .

Later, Bhaskara (1114 — 1185) described the complete solution of Pell’s equation and developed
a cyclic algorithm to produce a solution of equation x? — Dy? = 1. Bhaskara worked extensively
with the more general equation x2 — Dy? = N, and even solved the equation Dx* + 1 = y* for
D =8, 11, 32, 61 and 67. When D = 61 he found x = 226153980, y = 1776319049. When D = 67 he
found x = 5967, y = 48842.

Some applications of Bhaskara’s equation include generation of the Pell sequence (with
D =2,N = 1), arithmetic triangles (with D = 3), and generation of the Fibonacci sequence (with
D =5,N=1). It is known that all solutions of the equations x? —5y% = +4 are given by
y = +Fypi1, X = +Lopi1;y = +F,p, x = +L,, respectively, where F, and L,, are respectively n™
Fibonacci number and Lucas number. Narayana Pandit (1340 — 1400) also found general solutions
to Pell’s equation and other quadratic indeterminate equations.

The topic interested the European mathematicians after a challenge given in 1657 by renowned
mathematician Pierre de Fermat (1601 — 1665). He inspired some of his contemporaries to do the
same. John Wallis, Frénicle, William Brouncker, Leonhard Euler, Joseph Louis Lagrange and others
also contributed in the development of the theory of Pell’s equations.

John Pell (1611 — 1685) was an English mathematician and an algebraist, but he hardly did any
work with the equation x? — Dy? = N that bears his name. In fact, Leonhard Euler credited the

equation to Pell in a letter to Goldbach in 1730, and the name stuck. Lagrange in 1768 used the

technique of Continued fraction to find the good approximations of vD for the case N = 1.

Even today, research involving this equation continues to be very active and hundreds of articles
dealing with this equation in various contexts have appeared in last some years. One of the main
reasons for this interest is that the equation has a habit of popping up at an unexpected place. It is
also of great importance in solving the general second-degree Diophantine equation in two
unknowns: ax? + bxy + cy? + dx + ey + f = 0. Furthermore, the problem of solving this equation
is connected to that of determining the regulator, an important quantity of a real quadratic number
field, and to solving the discrete logarithm problem in such structures. Today, this second problem is
of interest to cryptographers.

Necessities for solving the Pell’s equations:
We once again consider the Pell’s equation
X2 =DY2 = N. e (1)

Suppose that (1) is solvable, and let x = u,y = v be the integers satisfying (1). Then we call
u + vV/D to be the solution of (1). We also denote this solution by (u, v). It will be called positive
solution if both u > 0 and v > 0. We call a solution (u,v) of (1) to be trivial if uv = 0. Every
nontrivial solution can be made into a positive solution by changing the sign of x or y.

Note: Here we note that by this we do not mean that u + v+/D is an integer. It is just another way of

representing the solution (u, v) of (1).
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If x + yv/D is the smallest positive solution of Pell’s equation
x?—Dy? =1,
then we call it as basic solution of (2). This equation is always satisfied trivially by x = 1,y = 0.
We thus call (x,y) = (£1, 0) to be trivial solutions.
Solving Pell’s equation x> — Dy? = 1:
To find a nontrivial solution of x? — Dy? = 1 by elementary methods, rewrite the equation as
x? = Dy? + 1 and then set y = 1,2,3, ... until you reach a value where Dy? + 1 is a perfect square.
Call that value x? and then we have a solution (x, y).
Example 1: Two positive solutions of x? — 2y? =1 are (3,2) and (17,12), since 2y? + 1 is a
square when y = 2 and 12, where it has values 9 = 32 and 289 = 72. See below:
y‘123456789101112131415
2024+1 (3 9 19 33 51 73 99 129 163 201 243 289 339 393 451
Square? [ X () X X X X X X X X X () X X X

Example 2: Three positive solutions of x? — 3y? = 1 are (2,1), (7,4) and (26,15), as shown by
the table below.

Y \ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
3y2+1 4 13 28 49 76 109 148 193 244 301 364 433 508 589 676
Square? () X X (V) X X X X X X X X X X (V)
The following table gives the list of basic solutions (x,y) of the equation x?> — Dy? = 1 for the

non-square values of D for 2 < D < 24.

D 2 3 5 6 7 8 10 11 12
x 3 2 9 5 8 3 19 10
y 2 1 4 2 3 1 6 3

13 14 15 17 18 19 20 21 22 23 24
x 649 15 4 33 17 170 9 55 197 | 24 5
180 4 1 8 4 39 2 12 42 5

The following theorem by Lagrange states that the Pell’s equation x? — Dy? = N always has
solution if N = 1. It also gives the explicit formula for all the positive solutions.
Theorem 1: The Pell’s equation

X2 = DY?2 =1 e (2)
always has infinitely many positive solutions. If (xy,y;) is the basic solution (least positive

solution) of (2) then all the positive solutions of (2) are given by (x,, ¥,), where x,, and y,, are the
integers determined from

Xn+yuVD = (x, + VD) 50 =1, 2,3, ...
Remark: Here (x,,,y,) can be calculated algebraically from x, + y,VD = (x1 + yl\/ﬁ)n

expanding the left side, equating coefficients of VD on both sides, and equating the other terms on
both sides.
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This theorem now guarantees that when we tabulate Dy? + 1, it will always have a square value
at some instance. We are guaranteed this search will eventually terminate, but we are not assured
how long it will take. In fact, the smallest positive solution of x? — Dy? = 1 can be unusually large
compared to the size of D. The table above illustrates this if we compare the smallest positive
solutions when D = 12,13, and 14. As more extreme examples, see in the table below the smallest

positive solutions to x> — Dy? = 1 when D = 61 and 109 compared with nearby values of D.

D | 60 61 62 108 109 110
x | 31| 1766319049 | 63 1351 | 158070671986249 | 21
y 4 226153980 8 130 15140424455100 2

While Lagrange was the first person to give a proof of Theorem 1, in 1768, a century earlier
Fermat claimed to have a proof and challenged other mathematicians in Europe to prove it too. In a
letter in 1657 he wrote that one should try to find a positive solution to x2 — 61y? =1 and
x% — 109y? = 1. Fermat had no idea that a nontrivial solution to x> — 61y? = 1 had been found in
India (by Bhaskara II) 500 years before him.

About the solutions of Pell’s equation x> — Dy? = N:

Consider u + vv/D to be any solution of (1) and let x + y\/ﬁ is the basic solution of (2). Then it

is easy to observe that
(u + v\/ﬁ) X (x + y\/ﬁ)il = (ux + Dvy) + (uy + vx)VD.
Also, (ux + Dvy)? — D(uy + vx)? = u?x? + D?*v?y? — Du?y? — Dv?x?
=u?(x? — Dy?) — Dv?(x? — Dy?)
= (w?-Dv?*)(x>—-Dy?*)=N
Thus, the product (u + v\/ﬁ) X (x + yx/ﬁ)il is also a solution of (1). Suppose this new solution

isu'+v'VD = (u+vVD) x (x + y\/ﬁ)il. This means that any solution of (1) when multiplied or
divided by x + yvD again gives the solution of (1). We call this new solution u’ + v'vD to be
associated with the earlier solution u + vv/D. The following gives the exact definition of this
associativity.
Definition: Two positive solutions u, + v,/D and ug + vﬁ\/ﬁ are said to be associated if there
exists an integer t such that
ug + vﬁ\/ﬁ = (ua + va\/ﬁ)(x + y\/ﬁ)t; t=0,£1,2 ceeeeeeeeeenn 3)
If u, + v,V/D is any fixed solution of (1), then all the positive solutions given by (3) are said to
be associated with each other. In this case, the set of all solutions associated with other forms a class
of solutions of (1). For some solutions u, + va\/ﬁ and ug + vﬁ\/ﬁ of (1), if there does not exist t

satisfying (3), then these two solutions are in different class of solutions of (1).
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Fundamental solutions:

There is a quick way to generate other solutions from a single solution of Pell’s equation. Before
discussing this, we introduce the fundamental solution of the equation x? — Dy? = N, from which
all other positive integer solutions may be obtained.

Let K be any specific class consisting of all the solutions u; + v;V/D;i = 1,2,3, ... which are
associated with each other. Among all the solutions u; + v;v/D in a given class K we now choose a
solution u; + v;VD in the following way: Let v; be the least non-negative value of v which occurs
in K. In this case, u; is also uniquely determined. The solution u; + v;VD defined in this way is said
to be fundamental solution of the class.

Thus, for the fundamental solution u; + v;v/D € K, the number |u; | has the least value which is
possible for |u;|. In this case v; is also the least non-negative value of v; which occurs in K. In other
words, the fundamental solution is the smallest positive solution belonging to that class.

Since the fundamental solution u; + v;V/D is the smallest positive solution of the class K, it can
be observed that u; +v;v/D is a fundamental solution of class K if and only if
u, + v;VD X (x1 — ylx/ﬁ) is not a positive solution of (2). Thus if u, + v,VD is any fixed
fundamental solution then all the positive solutions obtained by (3) are associated with each other
and all of them belong to some common class of solutions.

Moreover, we observe that if (1) is solvable, then it has only finite number of classes of solutions
(and so finite number of fundamental solutions). We assume that (1) has exactly S classes of
solutions. If u; + v;v/D ;1 < i < B are all the fundamental solutions of (1), then we write this as
“u; + v;v/D runs through all the fundamental solutions of (1)’

Remark: If u; + v;V/D is the smallest of all the fundamental solutions of (2) then for all its
fundamental solutions u; + v;vD, we have

u; + VD < (uy + v, VD) X (% + y,VD) ; for all i.

This gives the upper bound for the fundamental solutions of (1).

The following theorem gives the bounds for the values of u,v occurring in the fundamental
solutions.

Theorem 2: If x + y\/ﬁ is the basic solution of (2) and let u + vv/D be any fundamental solution

1 [(x+1D|N| IN|
of (1), then 0 < Ju| <7 /T and0=v=<y /—2(,”1) :

Although the technique used above (and in the examples which will follow in next section) to
find the fundamental solutions provides a general method to show that (2) has no solutions.
Sometimes the equation has no solution can be proved simply using congruences. For instance, if we
consider the Pell’s equation x? — 3y? = 2, then it can be observed that this equation is not solvable.
This is because from this equation, we have x? = 2 (mod 3) which has no solution.

But congruence methods do not always help to prove that any given Pell’s equation has no

solutions! The equation x? — 37y? = 11 considered in example 8 is one an example. We will prove
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that it has no solution, but it can be checked that the congruence x? = 11(mod 37) has a solution
x = 14!

The following theorem states that (1) always has solution if N is a perfect square.

Theorem 3: For any positive, non-square integers D and any non-zero integer k, the Pell’s
equation x? — Dy? = k? always has a solution in integers.

At present there is no method to predict whether (1) is solvable or not for any given D and N.
Although, some algorithms are available in literature which helps in hunt for the solutions of (1) for
any given D and N.

Examples of fundamental solutions:

We now present some examples which will help to understand the idea of fundamental solutions
more precisely.

Example 3: Consider the Pell’s equation x? — 6y? = 3.

The smallest positive solution of this equation is (u,v) = (3,1). Also, the equation

x2 — 6y2 =1 has basic solution (x,y) = (5,2). Then by theorem 2, any fundamental solution
u + vv/D has bounds

0 < ul S%\/%zl.SandOSvSZ — =1

Thus, the solution (3,1) is the only fundamental solution of x? — 6y? = 3. Here we also observe
that any fundamental solution must occur before the number (3 + \/6)(5 + 2\/5) = 27 + 116, that
is before the solution (27,11). Now (u + v\/g)(x - y\/g) = (3 + \/6)(5 — 2\/5) = 3 — /6, which
gives negative solution (3, —1) of the given equation. Thus 3 + /6 is the fundamental solution.
Example 4: Consider the Pell’s equation x? — 7y? = 57.

The smallest positive solution of this equation is (u, v) = (8,1). Also, the equation x? — 7y? =
1 has basic solution (x,y) = (8,3). Then any fundamental solution u + vv/D has bounds

9x57
2

0 < |ul S% ~801 and 0 <v <3 /25779 = 5.34. It can be now easily observed that the

equation x? — 7y? = 57 are satisfied by only (u,v) = (8,1), (13,4) in the above range. Thus, these
are the two fundamental solutions.

We can even verify that (u + v\/7)(x — y\/7) = (8 + \/7)(8 — 3\/7) = 43 — 16+/7, which is
negative. Also, if we consider (u,v) = (13,4), then

(u+vV7)(x —yV7) = (13 + 4V7)(8 — 3V7) = 20 — 77,

a negative quantity. This too justifies that (8,1) and (13,4) are the fundamental solutions of

x? —7y%? =57.
All the solutions of Pell’s equation x> — Dy* = N:

As discussed above, Pell’s equation (2) always has a solution. But the generalized Pell’s equation
(1) may or may not have solutions in integers. It is proved that if solvable, then (1) also always has
infinite number of solutions in integers. The following result gives an explicit formula to find all the

solutions of Pell’s equation (1).
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Theorem 4: If u; + v;+/D runs through all the fundamental solutions of (1) and if x + y+/D is the
basic solution of (2), then all the positive solutions of (1) are given by
Xin + yi,n\/ﬁ = (ui + vi\/ﬁ)(x + y\/ﬁ)n; =012,...

Examples for the solutions of Pell’s equation x> — Dy* = N:

Example 5: Consider the Pell’s equation x? — 3y? = 6.

The smallest positive solution of this equation is (u,v) = (3,1). Also, clearly the equation
x2 —3y2 =1 has basic solution (x,y) = (2,1). Using theorem 2, it can be observed that
x2 —3y2 = 6 has only one fundamental solution (3,1). Then above theorem states that all the

solutions of x? — 3y? = 6 are given by

Xin +yinV3=(3B+v3)(2+v3);n=0,1,2,....
This now gives the infinite number of solutions of x? — 3y2 = 6 as (3,1),(9,5), (33,19), ....
Example 6: Consider the Pell’s equation x? — 19y2 = 36.
The smallest positive solution of this equation is (u,v) = (6,0). Also, the equation

x? —19y% = 1 has basic solution (x,y) = (170,39). If u + vv/D runs through the fundamental

solutions of x? — 19y2 = 36, then 0 < v < 39 /2:1671 ~ 12.65. Then it can be verified that (6,0)

and (44,10) are the two fundamental solutions.

Thus, all the solutions of x? — 194y? = 36 are given by two classes of solutions
Xin + YinV19 = 6(170 + 39v19)" and

Xin + YinV19 = (44 + 10V19)(170 + 39V19) ;7 =0,1,2, ....
Example 7: Consider the equation x? — 194y? = —1.
Smallest solution of x? —194y? =1 is (x,y) = (195,14). If u+ vV/D is any fundamental

solution of x? — 194y? = —1, then 0 < v < 14 /lel% ~ 0.71. Thus, the only choice for the value

of v is v = 0. But in that case we have x? = —1. Clearly this has no real (integer) solution. Hence
the equation x? — 194y? = —1 has no integer solution.

Example 8: Consider the equation x? — 37y? = 11.

The basic solution of x> —37y% =1 is (x,y) = (73,12). If u+ vvV/D is any fundamental

solution of x? —37y% = 11,then 0 < v < 12 /% ~ 6.58. In given equation x2 — 37y% = 11, by

taking the value of v = y from 0 to 6, it can be observed that the equation x? — 37y? = 11 does not
have any x satisfying it. Thus, the given equation has no solution.
Negative Pell’s equation:

While the Pell’s equation (2) always has infinitely many non-trivial solutions, the analogous
equation, the negative Pellian equation x* — Dy? = —1 is much more mysterious. The interesting
point is that there are many non-square values of D for which this equation is not solvable. One well-
known limitation is D = 1,2 (mod 4) with no 4n + 3 factors, but this is not sufficient. If p | D, then

reducing modulo p tells that the congruence x% = —1(modp) must be solvable,
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when p = 1(mod 4) or p = 2. In this case, by a well-known theorem of Fermat, it can be clearly
seen that D must be sum of two squares. However not all such D has the property that x? — Dy? =
—1 is solvable: the smallest counterexample is D = 34. These has been summarized in the
following theorem:

Theorem 5: If x2 — Dy? = —1 is solvable, then D is not divisible by 4 and D does not have a
prime factor congruent to 3 modulo 4.

I conclude this article by mentioning that any Pell’s equation which is solvable, can even be

solved by using the technique of continued fractions, which is a matter of some other article.
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Abstract:

This research paper illustrates and evidences the effectiveness of an art integrated approach to
math teaching in enhancing students' understanding of mathematical concepts. The study explores
the collaboration between teachers of art and mathematics, in planning and executing an activity-
based demonstration of the approximate value of pi. The aim of the study is to determine if an art
integrated approach can foster students' engagement in maths learning and promote their
understanding/exploration of complex mathematical concepts such as pi approximation. Data were
collected from 68 students in grade 7, who participated in the activity. The results of the study
indicate that the art integrated approach to maths teaching is effective in enhancing students'
engagement and understanding of mathematical concepts.

Introduction:

Mathematics is a subject that is often perceived as dry and uninteresting, leading to a lack of
engagement from students. Traditional teaching methods are often unable to capture students'
attention and promote their interest in the subject. Art integrated approaches have been shown to
have greater impact on students' engagement in learning and conceptual understanding of complex
concepts. These offer space for students to explore the content through various perspectives. In this
study, we illustrate and investigate the effectiveness of an art integrated approach to math teaching,
for the concept of demonstration of approximate pi value, through an art integrated activity.
Literature Review:

A research study by Dakota Baird describes how educators could successfully use the art
integration to flexibly extend their classes outside of the traditional educational box and turn them
into engaging and creative (2015) [1]. This could illustrate the equation: Increased Student
Engagement + Flexibility = Increased opportunity for Learning. He insisted that an increased
research on strategies, tools and illustrative examples to implement art integration is required to
support teachers. Research findings by Steffen P et al (2019) [2] showed that skills (viz visualization,
generation and externalization) found in students inclined to arts, mainly contributed positively not
only to the drawing but also to multimedia output and reduced cognitive load. A study by Anja
Brezovnik (2017) [3] revealed that a consistent exposure to art integrated activities in Gr 5, showed
advantages in terms of mathematical reasoning, intrinsic motivation, visual imagination and
reflection on the process of generating creative ideas. Burton et al (1999) [4], in his research
involving 2,000 students, showed that subjects like mathematics, science which involve complex
cognitive and creative skills are typically art friendly. Students exposed to art education exhibited
significantly greater creativity in their way of thinking, as well as in perception, problem solving and
expressing themselves. Also, they showed cooperative and collaborative tendencies with peers. It's
important to note that, a supporting manual by CBSE (2019) [5], on art integration, lists the objective
as "To develop creative and critical thinking skills, an exploratory and inquisitive attitude and the
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ability to do art based inquiry'. Language arts is mentioned as one of the example for art integration,
advantageous as it integrates three subjects of study viz Arts, Language, Maths.

Methodology:

The study was conducted in middle school section of Madhava Kripa School, Manipal, India. A total
of 68 students in grade 7 participated in the activity-based demonstration of Pi approximation. The
teachers of art and mathematics collaborated in planning and executing the activity. The activity
involved creating a circle based artwork that can effectively demonstrate & illustratively calculate
the approx. value of pi. The standard definition of Pi C/d is considered as standard reference. Data
were collected from the students using a pre-activity survey, a post-activity survey, and a
mathematical understanding test.

Details: The objective of the activity: To demonstrate approximate Pi = 22/7 using art integration
technique

Materials: Colourful crystal/acrylic pipes or straws, stable and thick wire or thread of suitable
thickness.

Procedure of the activity: Take 22 straws or crystal pipes of equal length, but two sets of
distinct/contrast coloured (11 each in a set). Insert thread or wire to create a circular shape (garland
type), with alternate crystal pipes arranged, as shown. Now choose 7 more crystal pipes and form a
separate garland, straight in shape, to form the diameter. Now connect and set this to form the
diameter of the circle as shown in figure. A circle (just for reference) can be drawn prior to doing the
actual setting. It illustrates the concepts of pi beautifully. One can count 22 crystal pipes along the
circumference and 7 along the diameter. If such multiple sets are prepared, these can be set in such a
way to overlap rings one above the other and appear more attractive, resembling a paddling pool.

The activity can be tried with any equi-sized hollow tubes, naturally available in nature.

T T M) N

3oU&ay — E Copy-8 A1 [Ha-2024




|
Lo

2. Activity using circular geo board:

Pre requisite to activity:

Approach to create a Geoboard of required number of divisions: The Geo Board of our choice can be
created on a bulletin board, using bulletin pins and the cut out of a circular shape divided into
required number of sectors. The chart paper on which a circle (With sectors marked) is drawn must
be fixed on the bulletin board. The circular cut-out has to be attached to bulletin board accurately
with the equi- distanced marked points along circumference, fixed using bulletin pins.

(Refer to a sample at: https://youtu.be/o1cCBCISnpshttps://youtu.be/o1cCBCISnps)

How to divide a circle into 7 equal sectors?

Refer to: https://youtu.be/Ord5SGpL2IBw?si=VMh6XGOn5xkaKVgqM

Create a circular geo board with 7 equal divisions along the circumference. Connect the two ends of
the diameter accurately using the required length of thread. Mark the length of the thread to note the
diameter. Now, starting from one end of the diameter, trace the same thread along the circumference

(around it, connecting each nail). Along the circumference, the thread completes three full rounds

and extends 1 division out of 7.
This illustrates that;

. 1 .
Diameter x - = approx. = Circumference

. 22 . c_ 22
Diameter x (approx) = Circumference, In other words, S=5 = A constant T
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3. Demonstration by experimental technique:

To begin with, teacher demonstrates the ratio C/d by measuring the circumference and diameter
each, for three distinct sized circular objects. A note on history of discovery of pi value is also
demonstrated. This method involves inscribing and circumscribing a regular hexagon. The concept
clarity is at a higher level, when actual construction technique is used. Students individually repeat
the activity at home and submit the same in the form of video. The Pi value recitation also is done by
students who are inclined to this and skilled in it. The following link provides the access to videos of
the activity.
https://drive.google.com/drive/folders/18qg7Pemhften T25WIrJIX Arpy5SvFY9pE?usp=sharing

Using this construction technique/Geo board method, students create the following art forms.

Only those who are inclined to drawing are motivated to take part in this. Others play supportive

roles.

Results:

The results of the study indicate that the art integrated approach to math teaching is effective in
enhancing students' engagement in learning and promoting their understanding of mathematical
concepts. The pre-activity survey indicated that 70% of the students found the concept to be difficult,
while only 20% found art to be difficult. However, the post-activity survey showed that 80% of the
students found the activity to be interesting, and 75% of the students reported that they had a better
understanding of pi after the activity. The mathematical understanding test also showed an
improvement in students' comprehension of pi, with a mean score of 8.25 out of 10 compared to a
mean score of 6.3 out of 10 in the pre-activity test. At the completion of the lesson, a group activity
to create a mathematical model using circles was taken up. This was integrated to language arts, as
students created the model and wrote a script/poem to depict the same. The materials used for the
model were exclusively locally available and not expensive.

Discussion:

The results of the study suggest that an art integrated approach to math teaching can enhance
students' cognition in maths and awareness in arts. Complex mathematical concepts such as pi;
properties of circles can be comfortably encoded their meaning through visual elements. The
collaboration between teachers of art and maths in planning and executing the activity was crucial in
achieving the desired outcomes. The activity-based approach was successful in promoting students'

interest and motivation in learning, leading to an improvement in their mathematical understanding.
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Conclusion:

In conclusion, an art integrated approach to math teaching can be an effective way of enhancing

students' engagement in learning and promoting their understanding of complex mathematical

concepts. The collaboration between teachers of art and maths can lead to creative and innovative

teaching methods that can foster students' interest and motivation in learning. The activity-based

demonstration of pi showed that students' engagement in learning and understanding of mathematical

concepts can be enhanced through an art integrated approach. Further research is needed to

investigate the effectiveness of this approach in other mathematical concepts and in different age

groups.
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(10) Solve the equation x (x+1) =y (y+4), where x and y are positive integers.
Solution :

Here x(x+1)=y(y+4); x,ye N

oo 4x +4x = 4y* + 16y
A+ 4x +1+15=4y" + 16y + 16
s (2x +D)7 + 15 = 2y+4)°
o 2y +4) - (2x+1)* =15
S2y—2x+3) 2y +2x+5) =15
S 2y—=2x+3=1 and 2y +2x +5 = 15.
or2y—2x+3=3 and 2y +2x +5=35

By solving these equations, we have x =3 and y = 2.

(11) Find the sum : —+ + ;4. 2.

Solution :

2 8
Let —§+ 32+33+3—4+ (1)
1 2 4 6 8
58—3—2+ 3—3+ 3—4+ 3—5+ (2)

1 2 4 2 6 4 8 6
s-is=tt(G-H)rE-w) G-
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(12) Let x and y be positive real numbers such that (1+x) (1+y) = 2. Prove that xy + j > 6.

Solution :
For x, ye R*, by AM > GM, we have

Y > [xy S+ y)? =dxy e, (1)

2
Now (1 +x) (1+y)=2

cl+x+y+xy=2

Ll=xy=x+y
s (l—xy)? =@ +y)°
(1 - xy)z > 4xy (..from (1))

oo 1= 2xy + x5 2 4xy
xzy2 + 12 6xy

1
LXy+—2
xXy+ 6

ul. u. A Q<1 21f01d U=l : vis-313

1\2 1\2 )
13) If a, = 1+(1—;) + 1+(1+;) ,n = 1, then find the value of

LI S

ai az azo
2 2
A a, = J1+(1—1) +\/1+(1+1) =LA, d -t =4 —
n n a az azo
o, Hed 2l

(14) If a, b, c are positive real numbers, such that a + b + ¢ = 4 and abc =1, then prove that
a* + 8a > (b—c)*.
A a, b, c xdl 4 AiRdlAs Avapil el s ¥l a + b+ ¢ =4 and abe =1 81, dlL UG 30 %

a’ +8a> (b—c)z.

(15) Let Py(x) = x* + 313 x* — 77x — 8, If P,(x) = P,_; (x—n) for integer n > 1, then find the
coefficient of x in P, (x).
qA 3 Py(x) = x° + 313 x* — 77x — 899, A yals n > 1 W2 Py(x) = P,y (x—n) 814, dl Py (%)

Hi x Al ALILRLS 2Al8L.
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5th Prof. P. C. Vaidya National Conference on

Mathematical Sciences

Date: February 19-20, 2024

Venue: Prof. P C Vaidya Auditorium
Reported by: B. Vidhyasri

Event Overview

DAY 1

The Inauguration Ceremony of the 5th Prof. P. C. Vaidya National Conference on
Mathematical Sciences was a poignant and dignified affair, marked by a symphony of scholarly
luminaries and esteemed dignitaries. As the radiant glow of the ceremonial lamp illuminated the dias,
it symbolized the collective pursuit of knowledge and enlightenment that characterized the event.
Vice Chancellor Kalpesh Pathak, a beacon of academic excellence, stood alongside renowned
professors as they invoked the blessings of Goddess Saraswati through a soul-stirring prayer song.
Amidst a backdrop of reverence and respect, each member on the dias was formally felicitated, their
contributions to academia celebrated with eloquence by Shri Prasad. The audience was enraptured by
V. A. Patel's mesmerizing recounting of his mathematical journey, while Kumaresan's motivational
address ignited a fire of inspiration in every heart. Vice Chancellor Pathak, in his address,
emphasized the transformative power of education and the pivotal role of conferences like these in
shaping the future of mathematical sciences. Dr. Paras Uchat, the conference's conveyor, concluded
the ceremony with a heartfelt vote of thanks, expressing gratitude for the collective efforts that
promised two days of enlightenment and collaboration ahead. The event kicks off with the
inauguration of the wall poster exhibition at Abhivyakti which was based on the theme Mathematical
Knowledge System, setting the tone for a celebration of mathematical prowess followed by group
photo at amphitheatre. The first talk of the 5th Prof. P. C. Vaidya National Conference on
Mathematical Sciences was delivered by S. Kumaresan from the University of Hyderabad, delved
into the fundamental concepts of topology, elucidating the essence of T1 space, T2 space, and
normal space, as well as the significance of separation axioms in defining the properties of a space.
With a blend of clarity and depth, Kumaresan not only imparted knowledge but also instilled a spirit
of comprehension among the audience, encouraging them to grasp the concepts rather than merely
memorize them. The interactive question-answer session that ensued allowed for a dynamic
exchange of ideas, wherein Kumaresan elucidated on topics such as space-clearing theory and the

application of Mobius function in various fields. Notably, he highlighted the relevance of topology in
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diverse domains, including its role in cancer studies, captivating the audience with the far-reaching
applications of mathematical theory. At the culmination of his enlightening discourse, Dr. Paras
Uchat felicitated S. Kumaresan, acknowledging his invaluable contribution to the conference and

applauding his commitment to fostering a deeper understanding of mathematical concepts.

Following the enlightening discourse by S. Kumaresan, the audience was treated to a captivating
speech by V. A. Patel on the intriguing subject of chaos. With erudition and eloquence, Patel delved
into the nexus between chaos theory and the Special Theory of Relativity, unraveling the
complexities that underlie chaotic systems. Through vivid illustrations and compelling examples, he
elucidated how chaos manifests in the form of unpredictable behavior, illustrated graphically to
showcase the profound impact of seemingly minute differences on outcomes. Drawing parallels
between chaos theory and the erratic behavior of mosquitoes, Patel underscored the significance of
chaos in understanding nonlinear dynamics in nature. He shed light on the groundbreaking discovery
of the Feigenbaum number in the 1980s, a milestone that propelled chaos theory into the forefront of
scientific inquiry. As his discourse drew to a close, Darshana Likhada, an esteemed member of the
conference, extended felicitations to V. A. Patel, acknowledging his insightful contribution and the

illuminating journey through the enigmatic realm of chaos.

In a captivating address following V. A. Patel's discourse, Prof. Praveen Agrawal delved into the
intricate realm of special functions and their pivotal role in mathematical analysis. With eloquence
and precision, he elucidated the process of numerical analysis, demonstrating how iterative
techniques are employed to attain precision in solutions. Agrawal ingeniously tied mathematical
concepts to real-world applications, showcasing the utilization of algebra and graph theory in
platforms like Google Maps. Emphasizing the symbiotic relationship between mathematics and
technology, he underscored how machines operate on logical principles rooted in mathematics.
Central to his speech was the significant role of fractional calculus in contemporary domains such as
artificial intelligence and image processing, particularly in the analysis of infectious diseases.
Agrawal's groundbreaking work on mosquito population modeling, which led to the discovery of the
Fabrizio Atangana derivative, showcased the relevance of fractional calculus in addressing complex
real-world problems. Illustrating the importance of the Jacobian matrix in fractional calculus, he
provided insights into its applications and implications. Encouraging academic rigor, Agrawal urged
students to prioritize books over online resources for research, highlighting the depth and reliability
of scholarly literature. The ensuing question-answer session was lively and engaging, reflecting the
audience's keen interest in Agrawal's discourse. Dr. Kunjan Shah concluded the session by

felicitating Prof. Praveen Agrawal.
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Following the lunch break, Prof. Shilpi Jain delivered an engaging speech on "Fractional
Hypergeometric Functions: A Survey and Future Perspectives." She introduced classical beta and
gamma functions, extended hypergeometric functions, and delved into the realm of fractional
calculus and its special functions and applications. Prof. Jain also provided insights into the historical
development of fractional calculus, discussing contributions from mathematicians such as Liouville

and Miller, and highlighted its applications in physics, including Hilfer and Caponetto's work.

Following Prof. Shilpi Jain's insightful speech, the contributory talks commenced with Dr. Prashant
Patel initiating the discussion. Dr. Patel delved into the applications of g-Calculus in approximation
theory, exploring topics such as Bernstein polynomials, the proof of Weierstrass approximation
theorem, and Korovkin theorem. He elucidated on g-integer, g-factorial, g-binomial coefficient, and
g-Pascal rules, concluding with an examination of research gaps in g-calculus. The ensuing question-
answer session proved to be engaging and enriching, reflecting the audience's keen interest in the
subject matter. Dr. Daksha Diwan continued the contributory talks with a fascinating discussion on
the Fibonacci sequence, delving into the classic Lucas sequence and the study of its subsequences.
She explored topics such as generating functions and the extended Binet formula, concluding by
listing open problems in the field. Dr. Diwan's spontaneous engagement in the question-answer
session further enriched the discussion, fostering a dynamic exchange of ideas and insights among

the audience.

Twinkle R Singh's contributory talk centered on the study of nonlinear differential equations arising
in fluid flow through porous media. She provided an insightful introduction to porous media, tracing
its historical development and exploring various types. Singh highlighted phenomena like fingero-
imbibition in cylindrical pieces and presented solutions to the model using the Homotopy Analysis
method. Her active participation in the ensuing question-answer session further enhanced the depth

of understanding among the audience.

The final contributory speech of the day was delivered by Dr. Hiren Patel on the topic of the power
serieswise Armendariz graph of a commutative ring. Dr. Patel provided a comprehensive overview
of basic concepts in ring theory and graph theory, elucidating the fundamental properties of the
PA(R) structure. Various corollaries, propositions, and illustrative examples were discussed,
culminating in an exploration of future research directions in graph theory, particularly concerning
PA(R). The session concluded with an engaging interaction between the speaker and the audience,

fostering a dynamic exchange of ideas and insights.

After the tea break, the oral presentation competition commenced with full enthusiasm. Track 1, held
in the Prof. P. C. Vaidya Auditorium and chaired by Prof. Praveen Agrawal, featured 8 participants

discussing diverse topics such as maximal non-maximal prime submodule, Bose-Einstein
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Condensation, and mathematical modeling of Zika virus, among others. Each presentation was
followed by a question-answer session, fostering interactive dialogue. Track 2, conducted in the
communication lab and chaired by Prof. D. V. Shah, showcased research papers covering a wide
array of fields, including cordiality in quadrilateral snake graphs and strategic inventory control. The
session concluded with a thoughtful speech by the chair, reflecting on the depth and breadth of

research presented.
Day 2

The following day commenced with a stimulating speech by Prof. V H Pradhan on the Finite
Element Method, beginning at 9 am. Prof. Pradhan delved into topics such as approximate analytical
methods, numerical simulations, and the workings of the finite element method, emphasizing key
concepts such as the advection-diffusion equation and weighted residuals. He elucidated on the
Galerkin finite element method and encouraged young researchers to critically explore and
investigate topics before incorporating them into their research papers, advocating for a thorough

understanding of the subject matter.

The subsequent inviting speech was delivered by Prof. D V Shah on the fascinating topic of
"Research through the Lens of Number Theory." Prof. Shah provided an insightful exploration into
the history of numbers and number theory, highlighting the contributions of prominent number
theorists from Gujarat. He delved into the intricacies of the Fibonacci sequence and its diverse
generalizations, elucidating various properties of its terms. Additionally, Prof. Shah discussed topics
such as continued fractions, Fibonorial numbers, Fibonomial coefficients, double factorial, and Pell's

equation, captivating the audience with the rich tapestry of number theory research.

The successive inviting speech was delivered by K. Somasundaram sir on "Results on Total Coloring
of Some Classes of Circulant Graphs." His discourse revolved around the application of graph
analytics for large-scale networks, providing insights into structured and unstructured data. He
elaborated on crucial concepts such as centrality measures including degree, closeness, betweenness,
and eigen vector centrality, alongside discussions on power law networks, maximal cliques, and
clustering centrality. Through various case studies, Somasundaram sir illustrated the practical
implications of centrality and graph theory, enriching the audience's understanding of network

analysis.

Following a short break, the contributory talks resumed with Dr. Kumkum Jain providing insights
into fractional calculus. Subsequently, Dr. Nidhi Jain delivered a talk on fractional calculus in image
processing, where she discussed image enhancement techniques and the application of Grunwald-

Letnikov fractional derivative. She presented her modified version of the derivative with an example,
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emphasizing its significance in medical diagnosis. Dr. Nidhi Jain actively engaged with the audience,

addressing all questions with detailed explanations, enhancing the interactive learning experience.

The last contributory talk of the event was delivered by Dr. Darshana B. Likhada on "Topologies
Generating Complex Algebras." She provided a comprehensive overview of topology basics,
detailing concepts such as topological space, sigma algebra, Borel sigma algebra, and the measure of
sets, particularly focusing on the Lebesgue measure. Dr. Likhada delved into the specifics of T
topology and standard topology, elucidating related lemmas, theorems, and remarks. Her talk
concluded with references, offering attendees a thorough understanding of the topic and avenues for

further exploration.

After lunch, the oral presentation competitions commenced in two tracks. The first track, held in the
Prof. P. C. Vaidya Auditorium and chaired by Prof. K. Somasundaram, featured discussions on
research papers covering diverse fields of mathematics, including numerical analysis, graph theory,
queuing theory, and inventory models. Simultaneously, the second track, conducted in Sandipani and
chaired by Dr. Prashantkumar Patel, showcased presentations on topics such as HIV infection
modeling, fuzzy inventory models, and antimagic labeling in graph theory. Additionally, a poster
presentation competition took place outside the auditorium which was judged by Kumkum Jain
mam, posters covered various topics including control systems in MATLAB, data security through

abstract algebra, and linear algebra used in image processing, among others.

The final speech of the event was delivered by Prof. Nita Shah on the intriguing topic of "Dynamics
of Happiness” in Online Mode. Prof. Shah delved into various theories of happiness, presenting a
continuous dynamical mathematical model. She discussed the assumptions of the model and the
influence of emotions on well-being levels, exploring the dynamics of happiness both with and
without emotional inputs. Prof. Shah also highlighted the role of the well-being homeostatic system
in shaping the dynamics of happiness, offering profound insights into the complexities of human

emotions and well-being in the digital age.

The two-day event of the 5th Prof. P. C. Vaidya National Conference on Mathematical Sciences
culminated with a vibrant valedictory function, leaving the auditorium brimming with excitement
and happiness. Prof. Divya Sharma, Director of IITE, warmly welcomed the distinguished guests of
the dias. Prof. Somasundaram inspired the audience and urged young researchers to delve into
qualitative research endeavours. Prof. Kumaresan shared his insightful experiences from the event,
enriching the gathering with his feedback. The winners of various competitions were announced, and
the advisory committee and support team members were felicitated for their contributions. Dr. Paras
Uchat, the event's convener, delivered a heartfelt vote of thanks, bringing the event to a close amidst

resounding applause from the overwhelmed audience.
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wl. 2L eMa 2l cuell w1861 dislasia Sl oifAst 2190 dld 530 edl 2 Al 24 AL diet
Al 214208 54l Sdll. dA G5 6lle AL ULSOL ALl A0 ARl ABARI%L DAl ALHA[AS 215121
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sS4l gal MO O d-dl unpRL vis Gelswell gkl 2l sdl. urens Al sudasS uss gl ¢iflds
ALABIRS sl 22d 5L Ul edl. dHeL Asdel dHel AL NEP il NCF «{l 22( uel 531
sl. 835 Asd olle [asl 422 dgrd AUl aAdl edl. Bedl 15 salsUl 1. SRAMLS ¢fes HIREL Ad 2
AL AR M2 GUAIL(l s Hided el 2% ed. dul ol gl anyeil-l did 531 sdl.
R, [RaRHi A1 21l iRl Ae1ds 2ild 53 edl. elienl AB[QUL LS L5l uig e M 2y
53 H g WA dodeg Fl vins 9ld 530 Sdl. FHl Sl UL ML usH1oL 53 MRl 2]
sdl. @roe Sl aasls wes gl Alid we ddidl [@lay udlauziedl “ldl 20l sdl 244 d-
a[amL Gualol (A9 did 30 edl. 2idul sl HaRAS g gl ARl GUELDL leid s GelseL
W1, 8 2l s1dsHAL vid [R1atsil ulaeild Aaimi vl sdl ¥ UALYSL HIR Mot o HRS 2 610 Ueld
53 ddl gdl. 2R AR 2l Faveus waiel gl 2 edl. wild a1 gl asiiug dxun 2y ed.
U8 Udd 5UR 1 SL. SRAMS 4es, Sl cudAHLS wlss
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dofl ¥sm :
. UL Eaeig dl. ue (v ddil) (M) 9898057891
2. uL [dsaend M. uvea (M) 9428019042
3. UL AR d19vR (M) 9925362754
4. =l AeR1y <. 013 (M) 9925837247
5. A 9l clditial 2iadl (M) 9825625218
6. uL S35 2. 5152 (M) 9825867429
7. UL &HIGlcl dAIASI (M) 9409157840
8. ulL BeAd usula (M) 9426383343
9. UL JVIG4 Hidl (M) 9879328129

QUIS AcMicl

WARAHHUL w2 adt dulRfds Quil-it @uist e YRURAHAL USIAS - WL 2R H. A& 518324 — JRUd
AR, Hatn - {2l Y5 MER 5l HUriE AGMA 6.

(1) sSusL el vied sl [Qenel>l glkl aridal, YoulRaxal wsilid adal, ullas au els
31.300/- @vise YR513U AUALHL 2A4199).

2) s ad eHui uoe yudal, [Qendlil gl avidal dulBilas Avil Y5l A8 Avidl Quise YR8
3U 31.500/- Al 2uadl. (4 : 1-oa=42ulel 31 AR o1Lusl.)

(3)  Fu~tl AL UG YRRAHHL 54134 USIELA A 24l €U ddl (HelllBd) Avisa Al uay v
Hi2 31.500/- Y513 3U 2ALUAIHL 2A199).

(4)  WoUBAY 2 Avt dvidl Auisl Uidisl BHdl A Qv ddiR sl |2 2UT 9. ddg Avie s x4
€9, lal duire s1S Y512 2L Haad q1ou A2l ULl 54125 dl duisl Auid ey suelld Hisd 6.
atsSu sul uedl s3luzell Hisa 9. 2idu suaaltl val, g3uR gl disadledl w2 dsil gd ellald €.
Auls s3el UdA [Brrelddl Hi2 2 dHel 3¢l wdA iR dd U saL Hie 47 Al
AU 53 Sl

“ers ouBics @uirl, YU eowAal ULl €ls Avis 31.100/- 2ALual.
auitel 315 Yl e €ld dl Auise d Ui-l Hle 31.50/- »Aual.”




